Lipid monolayers and bilayers have been used as experimental models for the investigation of membrane thermal transitions. The main transition takes place near ambient temperatures for several lipids and reflects the order-disorder transition of lipid hydrocarbonic chains, which is accompanied by a small density gap. Equivalence between the transitions in the two systems has been argued by several authors. The two-state statistical model adopted by numerous authors for different properties of the membrane, such as permeability, diffusion, mixture or insertion of cholesterol or protein, is inadequate for the description of charged membranes, since it lacks a proper description of surface density. We propose a lattice solution model which adds interactions with water molecules to lipid-lipid interactions and obtain its thermal properties under a mean-field approach. Density variations, although concomitant with chain order variations, are independent of the latter. The model presents both chain order and gas-liquid transitions, and extends the range of applicability of previous models, yielding Langmuir isotherms in the full range of pressures and areas. *
I. INTRODUCTION
Lipid monolayers [1, 2] and bilayers [3, 4] have been extensively used as experimental models for the investigation of thermal and structural properties of the biological membrane.
Phospholipid molecules form an ordered monolayer film on the air-water interface, with lipid headgroups resting on water, while lipid hydrophobic chains acquire approximately parallel orientation in the air phase, thus avoiding contact with water. External lateral pressure guarantees aggregation into the monolayer film. In water solution, lipids aggregate into bilayer vesicles, as polar heads shield hydrocarbonic tails from contact with the aqueous medium. Bilayers are tension-free and aggregation is driven by the hydrophobic effect.
Both systems may undergo several phase transitions. One of the most thoroughly investigated is the pronounced order-disorder lipid chain transition, with latent heat, presented by either system. For lipid membranes temperature or pH variations may yield a so called main gel-fluid transition. In the case of lipid monolayers, compression or heating disclose a transition traditionally known as a liquid-condensed liquid-expanded transition. An abrupt variation in lipid surface density is accompanied by disordering of the hydrocarbon chains.
The latter acquire "kinks", while distance between polar headgroups increases, yielding decreased surface density. This is recognized as the chief effect also for bilayers [5] [6] [7] , which undergo the main transition under temperature-variation.
There are different advantages in adopting one experimental model or the other. Direct measurement of surface area per lipid molecule, whose abrupt variation signals the transition, is possible only for monolayers. However, the discontinuity in lipid area depends on external applied pressure. Equivalence between the two systems for a particular pressure on monolayers has been argued by many authors [8] [9] [10] and arguments rest on the assumption of negligible interaction between the two leaflets that compose the bilayer. However, recent studies indicate that this might be too strong a hypothesis [4] . Thus differences should be subject of further investigation.
Lipids on the air-water interface reduce the surface tension, as lipid headgroups disrupt the specially stable hydrogen bonds between surface water molecules [11] . Bilayers are free of internal surface pressure. The hydrophobic effect, which consists of 'micro' phase-separation between lipids and water, as a consequence of the disparity between the values of Van der Waals attraction between aliphatic chains as compared to the value of water hydrogen bond energies, is considered to be the main force driving membrane behaviour. This effect is absent in the case of monolayers, since chains avoid water by turning to the air subphase.
In this study, we approach some of the questions related to the main transition from the point of view of a minimal statistical model. Different two-state and multi-state models, inspired on the success of Ising-like model for magnetism, were proposed by several authors in the 1970's-1980's [12] [13] [14] , reflecting the possible states of the lipid chains, either extended (all-trans) or disordered (gauche kinks) by different degrees, with focus on the different areas occupied by the lipid head-groups on the bilayer surface. The orientational order of lipids in the layer also suggested inspiration on models for nematic liquid crystals. On the other hand, the large enthalpy attributed to chain melting suggested that this would be the main entropic mechanism for the transition, thus demanding accurate treatment of chain configurations, an approach followed by Nagle [5] .
Marcelja [7] proposed that chain kinks could be treated in terms of a nematic-like order parameter along the chain, subject to an effective field due to density of extended chains.
Thus chain entropy was obtained from the statistical calculation. Area per lipid headgroup was taken as linearly dependent on the inverse of lipid chain length, from molecular volume conservation. Caille [12] considered a lattice of two-state particles, corresponding to the ordered and disordered chains. The disordered chain lipid would occupy a certain number of sites, and was attributed an intramolecular chain entropy. Some authors looked also at multi-state models [12, 14] . A lattice-gas three-state model, with two states for the lipids, was also suggested [15] , but the authors left out the essential intra-chain degeneracy. Nagle [5] proposed a different approach: chain configurations of a two-dimensional section of the lipid monolayer could be exactly enumerated through mapping on a dimer counting problem.
However, the much simpler treatment of chain entropy in terms of an average degeneracy of the two-states model came to dominate the literature. Doniach [13] simplified the two-state model of [12] by associating to each a different area parameter in an ad hoc fashion, and noticed the possibility of treating the resulting model exactly, through mapping on the seminal two-dimensional Ising model. Doniach's version of the original two-state model turned into the most successful statistical model for the main transition of the lipid system. Inspite of its success for the description of the transition for multicomponent lipid membranes, for diffusive properties, or for the effect of protein or cholesterol insertion [3, 14, [16] [17] [18] , the model focuses on the order-disorder transition of the lipid chains, while the area per chain is introduced in an ad hoc manner, by attributing different areas to the 'ordered' and 'disordered' sites. As a consequence, a true discontinuity in density is not displayed by the model at the order-disorder transition of the chains. This aspect represents an important limitation in the case of competing interactions, such as for ionic lipid layers [19] [20] [21] . For dissociating lipids, electrostatic repulsion competes with the hydrophobic effect, and a delicate equilibrium is established between chain order, charge and molecular surface density. In this case, precise description of the local lipid density is essential in order to appropriately rationalize thermal, electrical and structural properties of the experimental system [19, 22] .
In this study we have considered a two-state lipid lattice solution in which sites may be occupied either by lipid or by water particles. Chains may be in two different states, one of them largely degenerate, but the density results from the equilibrium occupation of the lattice. Thus area per lipid is obtained from the statistics of the model. Also, proper treatment of pressure allows examination of the equivalence hypothesis of mono and bilayers.
While recognizing the fact that different authors contributed to the formulation of the original two-state model, in the name of simplicity we shall identify our model as a lattice solution Doniach model. In section 2, we define the statistical model. In section 3, we present our mean-field approach. Results for thermodynamic properties and phase diagrams are displayed in section 4 . Physical interpretation in terms of the two systems of interest, monolayers and bilayers, is discussed in section 5. Final comments are in section 6.
II. DEFINITION OF THE STATISTICAL MODEL
We revise the seminal model proposed by Doniach a few decades ago [3, 13, 14] for the phospholipid bilayer main transition in order to set notation. In Doniach's lattice model, lipid chains fill the plane lattice and are considered to visit two different particle states, an ordered chain state o (Fig. 1a) , corresponding to an extended chain, and a highly degenerate disordered chain state d, meant to represent an average shortened chain (Fig. 1b) .
The system consists of N particles distributed over the L 2 = N o − N d sites. Its configurational energy may be written as where N xy is the number of contacts between two particles in states x and y, and N x is the number of lipids in state x, where x = {o, d} and y = {o, d}. Interaction parameters ǫ xy should all be taken as positive, since they represent effective attraction between particles.
At the main transition, there is a sharp variation of the lipid chain states. A chain order This approach implies that the area per particle a Doniach is defined as
As it can be seen, chain order parameter m and area per particle a Doniach are not independent thermodynamic variables, since
The model simplicity allows mapping on a modified form of the two-state Ising magnetic model, whose thermodynamic properties are very well established. Lateral pressure, Despite the utility of the model for many purposes, it may be unsuitable under certain circumstances, such as in the case of charged lipid membranes [19] , whose thermodynamic properties depend strongly on charge surface density.
Doniach's lattice solution model -DLG
We propose to introduce lipid density as a true statistical variable and write Doniach's model as a lattice solution with explicit water particles. The inclusion of interactions between lipid and water particles is essential for the purpose of investigation of the bilayer-monolayer analogy [8] and Marsh [10] . Like with its predecessor, our goal is to describe the orderdisorder transition of a surface of lipid chains within the framework of a simplified model.
In this new proposal, the fixed relation between area per particle and chain parameter m, Eq. 2, is abandoned. Figure 2 illustrates pictorially our proposal, as compared to the original Doniach description.
Let us consider a square lattice of area A and L 2 = A sites, which may be occupied by lipids or by water. We define occupational variables (δ = 1) and (δ = 0), for lipids and water, 
respectively. The lipid particle chains may be either in the ordered or disordered state, with chain variables given by (η = 1) or (η = 0), accordingly. Interactions between lipid particles are the same as those of Eq. 1, but the number of lipid particles
Model energy reads
where N xy is the number of contacts between sites occupied by lipids in ordered state o, by lipids in disordered state d or by water particles w. As in Doniach's model, the disordered states are multiply degenerate, the degeneracy Ω corresponding to the high entropy of the disordered hydrocarbon chains of a single lipid.
In order to give our model a statistical treatment, it is convenient to rewrite energy (Eq.
5) in terms of statistical variables. We attribute variables σ to lattice sites as in table I.
Under this notation, Eq. 5 is rewritten as
where η is defined in table I.
Under this representation, and after some manipulation, system energy (Eq. 5) is given by an interaction term E int and a hydrophobic "field" term E hydr , besides a constant term:
where, for simplicity, new interaction parameters are defined as
and
For the lattice solution lipid model, equilibrium properties are more easily calculated in the grand-canonical ensemble. The grand-partition function reads
where µ lip and µ w are the lipid and water chemical potentials. The total number of lipid particles N lip , the number of water particles N w and the number of disordered chain lipids N d are given respectively by
It is interesting, at this point, to note that the linear "hydrophobic" energy term in the energy expression (Eq. 7) competes with the chemical potential factor, so we rewrite the grand-partition function as
where µ ≡ µ lip − µ w − I.
III. MEAN-FIELD APPROACH
The model equilibrium properties may be obtained from a Curie-Weiss mean-field approach [23] which allows linearization of the system energy in the statistical sums and turns exact calculation possible. Interactions are made independent of distance, with the replace-
where X i are interaction variables, A = L 2 is the system area and q is the model coordination number. Under this transformation, the model energy is written as:
where N is the global number of particles given by Eq. 13, and M is defined as
Linearization of the quadratic terms in M and N in the grand-partition function of Eq. 16, with model energy E, Eq. 7, replaced by mean-field energy, E MF (Eq. 18), may be achieved through Gaussian transformations
Summation over statistical variables σ becomes straightforward. Integrals in the newly introduced variables X are then solved by the steepest descent method. For large systems the main contribution comes from extrema which yield the following grand-potential Φ(T, A, µ, H):
Here m, n are respectively chain order parameter m = M /A and lipid densities n = N lip /A. φ + is a function of m and n, defined as 
The chain order parameter m(T, µ) and model density n(T, µ), are then given through the following system of coupled equations which define the conditions for the extrema for exponents of the Gaussian integrals: increased, the ordered chains give place to a gas phase, and as temperature is increased further, the gas phase presents coexistence with a disordered chains liquid.
The different phases and phase transitions present in the phase diagram are illustrated in Figs. 5 and 6.
In Fig. 5 , chain parameter m and lipid density n behaviour with temperature, at fixed Chain parameter m and lipid density n behaviour as chemical potential is raised, at fixed temperature, is shown in Fig. 6 , for different regions of the phase diagram. The GasOrd transition at low temperatures is signaled by a discontinuity in m from 0 to 1, with a density jump from ≈ 0.1 to 1 (Figs. 6(a) and 6(d) ). At intermediate temperature, the Gas-Dis transition is followed by a Dis-Ord transition, with two discontinuities in density What is the effect of varying model parameters upon the phase diagram? Figure 7a illustrates the effect of variation of parameter ∆ at fixed K, while Fig. 7b illustrates the effect of varying K at fixed ∆. Inspection of role of the interaction parameters in the expression for energy (Eq. 7) explain some of the features displayed by the different phase diagrams.
Parameter K favors site states σ = +1 and σ = −1 and thus the filling of the lattice by lipids, at low temperatures. Thus, the lipid gas-liquid transition at low temperatures is moved Thus, the two coexistence lines, gas liquid and ordered-disordered liquid may either merge continuously or meet at a triple point. But why does the coexistence line between the gas and the disordered chain liquid disappear, as ∆ is increased at fixed K or as K is increased at fixed ∆? In fact, presence of the three phases and of transitions between them may be rationalized from analysis of the three limiting models which are combined in the Doniach lattice solution we propose: a lattice-gas, a degenerate lattice-gas and Doniach's model. Fig. 7 in terms of the limiting models is given in the Appendix. 
Analysis of the phase diagrams of
For our model, the thermodynamic grand-potential Φ is given by Eq. 21. In the case of the model by Doniach, pressure is a linear function of temperature at the order-disorder coexistence line, which ends at a critical point. In that case, a unique order parameter is present, with m(a) (see Eq. 4) and the chain order-disorder transition accompanies the pseudo -density transition. In the model we propose, the chain orderdisorder transition is associated to a true density transition.
At low chemical potential and pressure, chain disordering is accompanied by a density gap, which goes exponentially to zero at higher potentials. The linear dependence between coexistence temperature and 'pressure' disappears. 
V. PHYSICAL INTERPRETATION: MONOLAYERS VS BILAYERS
In order to interpret our findings in terms of the two systems of interest, monolayers and bilayers, we must analyse the differences between inter-particle interactions in the two systems, as well as the physical boundary conditions involved.
The anisotropic organization of the phospholipid molecules in layers is a consequence of the fact that those are amphiphilic molecules, with a hydrophylic polar headgroup which mixes with water and a hydrophobic hydrocarbonic tail which would phase separate were it not attached to the polar headgroup. This nematic like structure is common to bilayers and monolayers. However, there are specific aspects of the interactions between lipids and water which make them different physical systems. While headgroups are in contact with water in both systems, hydrocarbonic tails turn to the air subphase and have no contact with water, independently of the distance between lipids, in the case of monolayers, whereas for bilayers hydrophobic chains turn to the hydrophobic bilayer core, but water penetration increases as lipid molecules go apart.
Our model system is a plane system in two dimensions. Monolayers are truly twodimensional, while bilayers may be seen as two weakly interacting spherical monolayers.
Monolayers reside in the interface between water and air, while bilayers are in bulk water, albeit each leaflet of the bilayer could be taken as located on a water-hydrocarbon interface.
Monolayers may be manipulated both through direct compression, as well as through heating, implying a line of disordering transitions in the pressure-temperature plane. Bilayer behaviour is probed through temperature variations only, and the disordering transition occurs at a single temperature.
In the following subsections we analyse the differences pointed and out above and the relation to our model.
A. Monolayers
A monolayer is constituted by lipid particles, whose chains suffer Van der Waals attraction. Lipid headgroups rest on the water surface, and lipid chains do not get in contact with water molecules, which allows us to take null lipid-water interaction parameters,
On the other hand, water-water "bonds" are surface "bonds", from now on labelled as ǫ surf ww . When lipid molecules become dispersed, water molecules attract strongly between themselves yielding large surface tension. At very low temperature and very low pressure, one expects the model system to go into a 'gas' lipid phase, since water-water interactions are dominant over lipid-lipid interactions.
Much of the experimental investigation of monolayers is given in terms of Langmuir pressure-area isotherms, which present two coexistence plateaus, one between the gas and the expanded liquid, at lower pressure, and the second one between the expanded and the condensed liquid phases [1, 2], for which the discontinuity in area per molecule is an order of magnitude lower. If compression is further increased, collapse of the monolayer comes about [24] . Our model isotherms displayed in Fig. 9 compare well qualitatively to experimental plots [25] . Both transitions are present, at different orders of magnitude both for pressure and area per molecule. The lattice, of course, limits the minimum area, so that isotherms increase steeply at the lower limit, differently from the experimental system, which, besides, may be allowed to expand into a 3rd dimension. (see Figs. 5 an 6d-e) A critical point for the ord-dis transition is absent for the parameters explored in this study. However, it may be present for a different set of parameters, as explained in the appendix. of magnitude lower, and area may vary by a factor of 10, along the gas-liquid disordered liquid above t 3 (t 0 − 12/1000) and gas-ordered liquid below t 3 .
B. Bilayers
In the case of a bilayer, the gas-liquid transition would correspond to membrane disaggregation and some critical micellar parameter [26] , which is not of interest in the study of biomembranes. As for the integral vesicle thermal phases, differently from the monolayer case, water-lipid interactions are essential: they are the source of the "hydrophobic" interaction, ǫ hydroph ≡ ǫ bulk ww − ǫ lw , with ǫ ow = 0 and ǫ dw = 0. Also, water-water "bonds" in the bulk are "looser" than at the surface, and we thus label them as ǫ bulk ww .
In relation to pressure effect, bilayers may be considered to be in a tension-free state, which corresponds [9, 10, 27 ] to a situation of zero lateral pressure Π. Different authors propose an equivalence at some specific lateral pressures, but lately this equivalence has been questioned.
C. Bilayers vs monolayers
How then are we to associate the model phase diagrams, Fig. 4 and Fig. 8 , to physical monolayers and bilayers?
A reasonable simplification is to take lipid-water interactions independent of lipid state, with ǫ ow = ǫ dw = ǫ lw . This assumption yields the following relations between monolayer and bilayer parameters (see Eqns. 8 -11):
What are the implications of the difference in energy parameters for the two systems?
Let us first analyse the differences between parameters K M and K B . Interactions between water molecules on the surface are more stable than between molecules in the bulk, which implies ǫ surf ww > ǫ bulk ww . Thus we have K M > K B . This is an important result, since it implies that data for the two systems cannot be mapped onto the same phase diagram. We inspect A further difference between the two systems arises if we try inspection of the pressuretemperature phase diagram (Fig. 8) . Different suggestions can be found in the literature for the lateral pressure on monolayers which would render them equivalent to bilayers [10, 27] .
If, for the sake of further analysing the pursuit of equivalence between the two systems, we ignore the differences in K, it is possible to establish a relation between the lateral pressures of the two systems. We consider a particular thermodynamic state for the model system, which corresponds to a point in the µ vs t phase diagram, and to the same order parameter values for m and n (Eqns. 23). Note that if the two systems, monolayer and bilayer are considered to be in the same thermodynamic system, m B = m M and n B = n M , besides having equal K parameters, both systems must have equal effective chemical potentials µ,
What are the implications on lateral pressure?
Lateral pressure is related to the grand-potential through Eq. 23. From the definition of the grand potential [28] ,
For the same thermodynamic state, for K M = K B , the grand-potential for the two systems will differ only through the constant terms, since density of lipids and entropy must be the same. Thus
which yields the following simple relation for the lateral pressures of the two systems:
since Φ = −ΠA.
For the null pressure of the bilayer, corresponds a positive lateral pressure on the monolayer, model. In particular, it is also in line with a phenomenological analysis proposed by Marsh [10] , in which the monolayer pressure corresponding to the membrane thermodynamic state at the main transition would be numerically equal to the hydrophobic free energy density.
The origin of the difference in pressures would be the water surface tension, a consequence of "stronger" hydrogen bonds on the surface, as compared to bulk water. Figure 10 illustrates the behaviour of the density gap for different ratios of the lipidwater interaction to water surface tension, at fixed pressure, under the artificial condition
. Increasing lipid-water interaction, with respect to water surface tension, transition temperature is decreased, while the area discontinuity increases.
However, the result for the equivalence pressure just presented, as stated before, is based on the artificial assumption of equal interaction coefficient K for the two systems. But Eq. 27
shows that this assumption is inconsistent with the presence of either water-water or waterlipid interactions. Therefore, the difference in the interaction strength of water molecules on the surface and in bulk, as well as the presence of water-lipid interactions only for the bulk lipid layer make inconsistent the hypothesis of equivalence between monolayers and bilayers, and explains the difficulty in aligning simultaneously both the transition temperature and the density gap [27] .
VI. FINAL COMMENTS
We have proposed a generalization of the two-state model for lipid layers, which allows an exact description of local density. This is essential for the investigation of the effect of charges, in the case of dissociating lipids.
Inspection of model properties with respect to the relation between density and chain order led to some additional conclusions:
(i) for monolayers, the model describes both the liquid transitions (order-disorder or condensed liquid-expanded liquid), in good qualitative agreement with experimental studies;
(ii) analysis in terms of the different model interactions between lipids and water for monolayers and bilayers yields an explanation for the difficulty in establishing the equivalence between the two experimental systems.
Further investigation of the model system in the presence of charges, both for dissociating headgroups as well as for dipolar headgroups, is underway.
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APPENDIX: LIMITING MODELS
Our model may be thought as a composition of three models: (i) the order-disorder Doniach model, of density one, (ii) a simple lattice gas, and (iii) a degenerate lattice gas. 
